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Abstract 



2+l-dimensional Yang-Mills theory is reinterpreted in terms of metrics on 3- 
manifolds. The dual gluons are related to diffeomorphisms of the 3-manifolds. 
Monopoles are identified with points where the Ricci tensor has triply degen- 
erate eigenvalues. The dual gluons have the desired interaction with these 
monopoles. This would give a mass for the dual gluons resulting in confine- 
ment. 
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I. INTRODUCTION 



Quark confinement is well understood in 2+1 dimensional compact U(l) gauge theory. 
It is a consequence of the existence of a monopole plasma |l| 0. Duality transformation 
turned out to be very useful in this context. It is of interest to know how far these ideas 
can be extended to non-abelian gauge theories. For this reason, duality transformation for 
2+1-dimensional Yang-Mills theory was obtained in lattice gauge theory in both hamiltonian 
^ and partition function formulations. The dual theory exhibits close relationship to 
2+1-dimensional gravity, but without diffeomorphism invariance. This also indicates a way 
of describing the dynamics using local gauge invariant variables. 

In this paper, we consider duality transformation for 2+1-dimensional (continuum) Yang- 
Mills theory in close analogy to the case of compact U(l) lattice gauge theory We 
reinterpret the Yang-Mills theory as a theory of 3-manifolds, as in gravity, but without 
diffeomorphism invariance. We use this relation for identifying the dual gluons and their 
interactions. The dual gluons are related to diffeomorphisms of the 3-manifold. We also 
identify the monopoles in the dual theory, 't Hooft has advocated the use of a composite 
Higgs to locate the monopoles. Here we propose to use the orthogonal set of eigenfunctions 
of a gauge invariant, (symmetric) local, matrix- valued field for this purpose. Isolated points 
where the eigenvalues are triply degenerate have topological significance and they locate the 
monopoles. We use the Ricci tensor to construct a new coordinate system for the 3-manifold. 
The monopoles are located at the singular points of this coordinate system and they have 
the expected interactions with the dual gluons. We expect that these interactions lead to a 
mass for the dual gluons and result in confinement as in the U(l) case. 

Lunev has pointed out the relationship of 2+1-dimensional Yang-Mills theory with 
gravity. He uses a gauge invariant composite B^Bj as a metric, and rewrites the classi- 
cal Yang- Mills dynamics for it. The corresponding formulation of the quantum theory is 
somewhat involved. Our metric is in a sense dual of Lunev's choice. As we make formal 
transformations in the functional integral, the quantum theory is simpler and has a nicer 
interpretation. 

There are also approaches to relate 3+1- dimensional Yang-Mills theory to a theory of a 
metric p[. On the other hand, the dual theory in 3+1-dimensions can also be related to a 
new SO (3) gauge theory [0. 

In section 2 we briefiy review duality transformation and confinement in 2+1-dimensional 
compact U(l) lattice gauge theory. In section 3 we obtain the dual description of 2+1- 
dimensional Yang-Mills theory in close analogy to section 2. We point out the close re- 
lationship to gravity and identify the dual gluons and their interactions. In section 4 we 
provide a new characterization of monopoles using eigenfunctions of the symmetric matrix 
B^B\. In section 5 we use the Ricci tensor to construct a preferred coordinate system for 
3-manifolds. We relate the monopoles to singularities of this coordinate system. We also 
identify their interactions with the dual gluons. Section 6 contains our conclusions. 
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II. REVIEW OF CONFINEMENT IN 2+1-DIMENSIONAL COMPACT U(l) 

LATTICE GAUGE THEORY 



In this section we briefly review duality transformation and confinement [0] in 2+1 
dimensional compact U(l) lattice gauge theory. This provides a paradigm for our analysis 
of 2+1 dimensional Yang-Mills case. 

The Euclidean partition function in the Villain formulation is given by 

/oo 1 
dA{n) exp (--^E [^^M^) - ^jMn) + k,{n)]'). (1) 

riij ni mj 

Here Ai{n) G (— oo,cxd) are non-compact link variables on links joining the sites n and 
n + i. hij{n) = 0, ±1, ±2 . . . are integer variables corresponding to the monopole degrees 
of freedom and are associated with the plaquette (nij). Aj is the difference operator, 
Ai(f){n) = (f){n + i) — (t>{n). We may introduce an auxiliary variable ei{n) to rewrite Z as 

/°° f°° I - 2i ■ 1 
dAi{n) / dei{n) exp - ^ [e^H]^ H eijk ek{n)[AiAj{n) + -hij{n)] 
-oo J —oo \ „• K „•• Z 



(2) 



Integration over Aj{n) gives the 6 function constraint 

eijk Aj Ckin) = (3) 

for each n and i. The solution is ei{n) = Ai(f){n). Thus we get the dual form of the partition 
function 

^ = En r^'^(^) ^^pT. (-[a.0H]^ + f 0Hph) , (4) 

where p(n) = \eijk Aj hjk{n). This has the following interpretation. The field describes 
the dual photon. (In 2+1 dimensions, the photon has only one transverse degree of freedom 
and this is captured by the scalar field (t){n)). The monopole number at site n is given by 
p{n). It takes integer values and the dual photon couples locally to it with strength 1/k. 

If we sum over the monopole degrees of freedom, we get a mass term for 0(n) IQ |0. The 
reason for this is that the monopole plasma is screening the long range interactions between 
the monopoles. A Wilson loop for the electric charges in this system would correspond to 
a dipole sheet in this plasma. This gives an area law and hence a linear confining potential 
between static electric charges. 

The advantage of this formal duality transformation is that it gives a precise separation 
of the 'spin wave' and the 'topological' degrees of freedom. Therefore it provides a stepping 
stone for going beyond semi-classical approximations. 

We use this approach for 2+1 dimensional Yang-Mills theory in the next section. 
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III. DUAL GLUONS IN 2+1-DIMENSIONAL YANG-MILLS THEORY 



In this section we point out the close relationship between Yang-Mills theory and 
Einstein-Cartan formulation of gravity in 2+1 (or 3 Euclidean) dimensional space. We 
use this analogy extensively throughout the paper. 

The Euclidean partition function of 2+1 dimensional Yang-Mills theory is 

Z = l VA^ix) exp (-^ J d'xBt{x)B1{x)^ (5) 
where {y4^(x), (i, a = 1, 2, 3)} is the Yang-Mills potential and 

B- = le^AdjAl - d,A] + e'^^'A'^Al) (6) 
is the field strength. As in section 2, we rewrite Z as 

Z = J VA1{x) Vet{x) exp [J dM-l[e-i^)? + ^e^(x)Sf (x))} . (7) 

The second term in the exponent is precisely the Einstein-Cartan action for gravity in 3 
(Euclidean) dimensions. e"(x) is the driebein and uj""^ = e"'^'^A1 the connection 1-form. 

In contrast to section 2, we do not get a 5 function constraint on integrating over A" in 
this case. Since A appears at most quadratically in the exponent, the integration over A 
may be explicitly performed. This integration is equivalent to solving the classical equations 
of motion for A as a functional of e and replacing A by this solution : 

+ eai,,A][e])el{x) = 0. (8) 

Now d^) is precisely the condition for a driebein e to be torsion free with respect to the 
connection 1-form A1. 

If we assume the 3x3 matrix to be non-singular, then this solution A[e\ can be 
explicitly given |jTO|. In this case, no information is lost by multiplying (H) by and 
summing over a. We get, eijkefdjel + \e\{e~'^)'^ekimeijkA'-[e\ = 0. Defining /l^(e"^)™ = Ajm, 
we get, Aii[e] - 6iiAmm[e] = {l/\e\)eijkefdjel. Taking the trace on both sides, Amm[e] = 
-{l/2\e\)e,,ketd,et. Then, Af[e] = ^ (e,,,e?a,e^ - ISuemjke^^d.et) . 

By a shift of A, A = A[e] + A', the integration over A reduces to 



where Ciajb = (^iikf^^^^el- 

Bf is related to the Ricci tensor Ri^ as follows: 



R^k = FtXie-y, (10) 



where F^^ = eijk€"''"^B^. Thus an integration over A gives. 



4 



Z = J Vg exp (^-^gu + ^VsR) (H) 

where the metric gij = e°e| and R = Rikg''^- Note that Vg = Ve (iet~^/^(e^), as required. 
The configurations where e is singular is naively a set of measure zero, so that the assumption 
|e| 7^ is reasonable. 

Equation (|ll|) provides a reformulation of 2+1-dimensional Yang-Mills theory (classical 
or quantum) in terms of gauge invariant degrees of freedom. It is now a theory of metrics 
on 3-manifolds; which however is not diffeomorphism invariant because of the term ga in 
the action. As a result, not only the geometry of the 3-manifold, but also the metric g^j of 
any coordinate system chosen on the manifold is relevant. 

For 3 dimensional (Euclidean) gravity, an integration over e (|^) would give the 5-function 
constraint Rij = 0, resulting in a topological field theory |jl2|. There are no massless 
gravitons as a consequence. Now however, the diffeomorphisms provide massless degrees of 
freedom corresponding to gluons. They may be described as follows. The 3 manifolds are 
described by the metric g^j in the coordinate system x. We may choose a new coordinate 
system (f)^{x) {A = 1, 2, 3), with a standard form of the metric Gab[(P]- We have 

. '^GM^f£. (12) 



This gives the form of the action as 
S= I Sx 



dx"^ 




dx' 



(13) 



where 



— det (^i") . We identify (f)^{x) {A = 1, 2, 3) as the dual gluons. A simple way 

of seeing this is as follows. Note that the second term comes with a factor i = a/— 1, whereas 
the first term does not. In this sense it is analogus to the ^-term in QCD which continues to 
have the factor i = in the Euclidean version.. Consider a random phase approximation 
to Z. The extrema of the phase factor correspond to solutions of the the vacuum Einstein 
equations. In this case (3 dimensions), this means that the space is fiat. Now we may choose 
the standard form Gab = ^ab- 'P^ now represent arbitrary curvilinear coordinates for that 
manifold. Then the first term in ([l3| ) is just (V0^)^. This describes three massless scalars. 
As in section 2 they represent the one transverse degree of freedom for each color. Thus the 
gluons are now described in terms of gauge invariant, local, scalar degrees of freedom. 

In the general case i? 7^ 0, consider normal coordinates (f)^{x) at a given point. The 
metric has the standard form. 

Gab [<P] = Sab + Rabcd [0] ^''0'' + • • • • (14) 

(f)^ represents the dual gluons and R the geometric aspects of the manifold. Both are degrees 
of freedom of 2+1 dimensional Yang-Mills theory, (j)"^ are invariant under the Yang-Mills 
gauge transformations. Thus equation (^) describes Yang-Mills dynamics in terms of gauge 
invariant degrees of freedom. 
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IV. MONOPOLES 



We now identify the monopoles of Yang-Mills theory in terms of the dual variables. 
Monopoles are related to Yang-Mills configurations {A'^{x)} with a non-trivial U(l) fibre 



bundle structure [11 1. In such configurations, the monopoles are characterized by points 



with the following property [0. Consider a surface enclosing a point and a set of based 
loops spanning it. Consider eigenvalues of the corresponding Wilson loop operator. As one 
spans the sphere, the eigenvalue changes continuously from zero to 27i instead of coming 
back to zero. Thus such points have topological meaning. Moreover a small change in their 
position can produce a large change in the expectation value of the Wilson loop. Therefore 
we may expect that such points are relevant for confinement, even though a semi-classical 
or dilute gas approximation may not be available. Therefore it is important to provide a 
characterization of these monopoles and their interactions with the dual gluons. 

In case of 't Hooft-Polyakov monopole, the location of the monopoles is given by the 
zeroes of the Higgs field [0]. In pure gauge theory we do not have such an explicit Higgs 
field, 't Hooft has proposed use of a composite Higgs for this case. 

We follow a different procedure here. Consider the eigenvalue equation of the positive 
symmetric matrix B^{x)B^{x) = I°'^{x) for each x. 

I^\x)xtix) = \\x)xt{x). (15) 

The eigenvalues A"^(x), {A = 1,2,3) are real and the corresponding three eigenfunctions 
Xaix), {A = 1,2,3) form an orthonormal set. The monopoles in any Yang-Mills configura- 
tion A'^{x) can be located in terms of Xai^)- We will illustrate this explicitly in case of the 
Prasad-Sommerfield solution [0. For this I"''' has the tensorial form, 

x) = P{r)5''^ + g(r)xV (16) 



jab I 



with P(0) 7^ and finite. At r = 0, the eigenvalues are triply degenerate. Away from 
r = 0, two eigenvalues are still degenerate, but the third one is distinct from them. The 
corresponding eigenfunction (labelled A=l, say) is Xa(^) — x""- This precisely has the 
required behaviour for the composite Higgs at the center of the monopole 0. 

We may regard Xai^) as providing three independent triplets of (normahzed) Higgs fields. 
Using them, we may construct three abelian gauge fields. 



bfix) = Xaix)B:{x) - -u,,e'^'"^XaD,XbDkXc (17) 



We have 



bfix) = e.,,d,at - le,,,e'^'^xtd,xtdkxf (18) 

where the three abelian gauge potentials are given by af{x) = Xaix)A'}{x). For each A = 
1,2,3, the second part of the right hand side is the topological current for the Poincare- 
Hopf index WM. It is the contribution of the magnetic fields due to the monopoles. These 



monopoles are located at points where this index is non-zero. 

Since, Xa = ^ABC^°'''''XbXc y rewrite our abelian fields as 
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6f(x)=e.,,(9,a^(x)+e^^^cfc^) (19) 

where cf = ^^^'"Xa^iXa form of a 'pure gauge' potential, but is not, because of the 

singularity in (x^ )• 

Thus for any configuration A^{x) of the Yang-Mills potential, monopoles may be char- 
acterized as the points where the eigenvalues of the symmetric matrix B°;{x)B\{x) become 
triply degenerate. We may use the corresponding eigenf unctions to construct three abelian 
gauge fields with respective monopole sources. Instead of we may also use the gauge 
invariant symmetric tensor field Bf{x)Bj{x) and it's eigenfunctions xti^)- This provides a 
gauge invariant description of the monopoles. 

We may also use the Ricci tensor Rj = Rik[x)g^^ {x) for this purpose. The three eigen- 
functions xti.^)) = 1; 2, 3) (Ricci principal directions [|16[) provide three orthogonal vector 
fields for the 3-manifold. In regions where eigenvalues of Rl are degenerate, the choice of the 
vector fields is not unique. One can make any choice requiring continuity. However isolated 
points where Rl is triply degenerate are special, and have topological significance. At such 
points the vector fields are singular. Thus the monopoles correspond to the singular points 
of these vector fields. The index of the singular point is the monopole number. 

We emphasize that the centers have a topological interpretation which is independent of 
the way we construct them. 



V. INTERACTION OF DUAL GLUONS WITH MONOPOLES 



Dual gluons are identified with a coordinate system 0'^(x) A = 1, 2, 3 on the 3-manifold 
eqns. (|13D (|l^ . We now consider special coordinate systems which are singular at the loca- 
tion of the monopole. In case of the Prasad- Sommerfield monopole, the correspond to the 
spherical coordinates (r, 9, cf)) with the monopole at the origin. In the general case, we may 
construct the coordinate system as follows. At the site of the monopole, one of the eigen- 
functions x\ {^) say, has the radial behaviour. Then we may construct the integral curves of 
this vector field by solving the equations, 

dx^ dx^ dx^ , . 

Xi{x) xli^) Xli^)' 

We may choose these integral curves to be the equivalent of the r-coordinate, i.e. we 
identify these curves with 6 =constant, (p =constant curves of the new coordinate sys- 
tem. Consider closed surfaces surrounding the monopole which are nowhere tangential 
to these integral curves. A simple choice is just the spherical surfaces. We may iden- 
tify them with the surfaces r=constant. (We have not specified the 6, coordinates com- 
pletely, but this is not required for our purpose.) We thus have a coordinate system x^i^) 
whose coordinate singularities correspond to the monopoles. In this coordinate system, 
/ d^Xy/gR = J d^x {eijke^^^ dix^djX^ dkX^)VQ{.x)R{x) where Qij is the metric in this coor- 
dinate system. 

Now di{eijkdjX^dkX^) is non-zero at x = xq and is related to the monopole charge at 
xq as follows. Let x^i.^) ~ X^{.^o) = p{x)x^{x) where x'^{x)x^{x) = 1. We see that there 
is a coupling of the field combination JG{x)R{x)p^{x) to the monopole charge density 
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diki{x) = miS^{xo), where ki{x) = ^ijk^^^'" x'^djX^ dkX^ ■ Thus a certain combination of the 
dual ghion (f)^{x) and the geometric degree of freedom R{x) couples to the monopoles. In 
analogy to the compact U(l) lattice gauge theory (sec. 2), this may be expected to give a 
mass for the dual gluon and hence confinement. There are other interactions which are not 
of topological origin and these are to be interpreted as self interactions. 

VI. CONCLUSION 

We have argued that the duality transformation for 2+1 dimensional Yang-Mills theory 
can be carried out in close analogy to the abelian case. The dual theory has geometric 
interpretation in terms of 3-manifolds. We identified the dual gluons with the coordinates of 
the 3-manifolds and monopoles with the coordinate singularities. We expect that this will 
provide a new approach for understanding quark confinement. 
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